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Abstract 

The fundamental groupoid of a space becomes enriched over the category of topological spaces when the 
hom-sets are endowed with topologies intimately related to universal constructions of topological groups. 
This paper is devoted to a generalization of classical covering theory in the context of this construction. 

1 Introduction 

This paper is the sequel to |3| where the fundamental group of a space is endowed with the finest group 
topology such that the natural map from the loop space identifying homotopy classes is continuous. The 
resulting homotopy invariant takes values in the category of topological groups and can distinguish 
spaces with isomorphic fundamental groups. Additionally, there is a natural connection to free topological 
groups and free topological products unlikely to arise from the more historical shape theoretic approach 
to spaces with complicated local structure. The present paper includes the theory of semicoverings, a 
generalization of covering space theory in the context of a topologically enriched fundamental groupoid 7i T 
whose vertex groups are given by n T . 

Generalizations of the notion of covering map and extensions of covering theoretic techniques to spaces 
beyond those in the classical theory (path connected, locally path connected and semilocally 1 -connected 
spaces) have appeared in many different contexts Il2l l5l [TT1 IT2l [141 [I9l . We emphasize the assessment in 
the introduction of [11J that the properties one should require of a "generalized covering map" depend on 
the intended application. A semicovering map p : Y — » X is a local homeomorphism such that whenever 
p(y) = x and / is a path or homotopy of paths starting at x, there is a unique lift /„ of / starting at y. Moreover, 
we demand that each lifting assignment / i— > f v for paths and homotopies is continuous with respect to 
the compact-open topology on function spaces. Except for local triviality, semicoverings enjoy nearly all of 
the important properties of coverings; in this sense the notion of semicovering is quite close to the notion 
of covering. The intentions of this generalization are to further study the topology on m introduced in 
[3], identify a suitable classification of generalized coverings applicable to spaces with non-trivial local 
structure, and develop geometric tools for studying topological groups much like those used in applications 
of covering space theory to group theory fl5l Ch. 14]. 

Covering-type theories applicable to non-locally path connected spaces are less prevalent due to the 
existence of troubling examples such as Zeeman's example |16, Example 6.6.14] of a planar set which 
admits non-equivalent coverings that, under the usual classification, do not give the same conjugacy class 
of subgroup of the fundamental group. Lubkin's theory of coverings [19] overcomes this obstacle using 
a more general notion of "space" and "group." The authors of |TJ [T4"| achieve a quite general theory 
by attaching extra data (equivalence classes of locally constant presheaves) to their projection maps and 
providing a classification in terms of the fundamental pro-groupoid. Conveniently, semicoverings of a 
space are genuine maps of topological spaces and are classified for a broad class of topological spaces. In 
particular, the full theory of semicoverings applies to the class of locally wep-connected spaces defined in 
Section [6] This class contains all locally path connected spaces and "enough" non-locally path connected 
spaces. By "enough" we mean that any topological group is realized as the fundamental group of a locally 
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wep-connected space and for any space X, n*(X,xo) may be approximated up to induced isomorphism on 
Til by a locally wep-connected space. Thus for application of semicoverings to the theory of topological 
groups, it suffices to study locally wep-connected spaces. 

Recall that for a path connected, locally path connected, and semilocally 1 -connected space X, the cate- 
gory Cov(X) of coverings of X is naturally equivalent to the category CovMor(nX) of covering morphisms 
of the fundamental groupoid nX |6 10.6.1]. Additionally, CovMor(7iX) is equivalent to the functor category 
Func(7rX, Set). The resulting equivalence Cov(X) — » Func(7iX, Set) is an isomorphism of categories given 
by taking a covering to its monodromy. The classification of semicoverings is also stated as an equivalence 
of categories but requires the language of enriched category theory [17J. 

A Top-category is a category C enriched over Top, the category of topological spaces, in the sense that 
each hom-set is equipped with a topology such that all composition maps are continuous. For instance, 
we view Set as a Top-category by viewing each set as a discrete space and giving sets of functions the 
topology of point-wise convergence. When the underlying category of C is a groupoid and each inversion 
map C(a,b) — > C(b,a) is continuous, C is a Top-groupoid. In section |4] we construct, for each space X, a 
Top-groupoid n^X whose underlying groupoid is the fundamental groupoid nX. Given Top-categories J\ 
and T>, a Top-functor is a functor F : J?I — > T> such that each function ^R{a\, cii) — > S(F(«i), F(«2)) is continuous. 
We say F is open if each map 3\.(a.\,a2) — » S(F(«i),F(fl2)) is also open. A Top-natural transformation of 
Top-functors is a natural transformation of the underlying functors. The category of Top-functors J?I — » £ 
and Top-natural transformations is denoted TopFunc(J?I, S). 

Our main result (Theorem |7.1| states that for any locally wep-connected space, the category SCov(X) of 
semicoverings is naturally isomorphic as a category to the category of enriched functors n^X — > Set. An 
analogue of the equivalence Cov(X) CovMor(7iX) is obtained after one observes that TopFunc(7T T X, Set) 
is naturally equivalent to the category OCovMor(7T T X) of open covering morphisms Q — > 7T T X of Top- 
groupoids. This classification also restricts to a classification of connected semicoverings of X in terms of 
continuous, transitive actions of the topological group 7Tj(X,Xo) on discrete spaces. These results include, 
as special cases, classical covering theory, Spanier's extension to non-semilocally 1-connected spaces via 
"Spanier groups" n{% ,Xq) [20 10 [, and Fox's fundamental theorem of overlays l!T2l[T8l . 

The author thanks Maria Basterra for many helpful conversations. 

2 Continuous lifting of paths and homotopies 

In general, mapping spaces Top(X, Y) will be given the compact-open topology generated by subbasis sets 
(K, U) = {f\f(K) c U}, K c X compact, U c Y open. Let 9X denote the space of paths a: I = [0,1] -> X 
and c x denote the constant path at x e X. If SB is a basis for the topology of X which is closed under finite 
intersection, sets of the form n/=i(Kn/ Uj) where K' n = V—, and Uj e S3 form a convenient basis for the 
topology of PX. 

For any fixed, closed subinterval A c I, let Ta '■ I —* A be the unique, increasing, linear homeomorphism. 
For a path a 6 VX, a a = cc\a ° Ta ■ I — » A — » X is the restricted path of p to A. As a convention, if A = {t} c J, 
let a a - c a tf). Note that if = to < h < •■■ < t n = 1, knowing the paths a[f M/ i ; ] for i = \,...,n uniquely 
determines a. It is simple to describe concatenations of paths with this notation: If a\, otz, a„ e VX 
such that adl) = a,+i(0) for each j = 1, ...,n - 1, the n-fold concatenation of this sequence is the unique path 
jS = a\ * (Xz * ■ ■■ * a n such that jS K , = ay for each j = 1, ...,n. It is an elementary fact of the compact-open 
topology that concatenation PX x x PX = {(a, jS)|a(l) = jS(0)} PX, (a, j3) \-> a * $ is continuous. If a 6 PX, 
then a -1 (f) = a(l - t) is the reverse of a and for a set A c PX, A -1 = ja _1 |a 6 A}. The operation a i— > a -1 is a 
self-homeomorphism of PX. 

If x 6 X, let (PX)* = {a e PX|a(0) = x), (PX) l J = {a e PX\a(l) = y), and PX(x,y) = (PX) X n (PX)v be 
subspaces of (PX) X . In notation, we do not distinguish a neighborhood from being an open set in PX or 
any of its subspaces but rather leave this to context. We also use the notation Q(X,x) = PX(x,x). Each of 
these constructions gives either a functor Top — » Top or Top, — » Top,. For instance, (X,x) i— > ((PX)*,^) is a 
functor which is Pf(a) = f o a on morphisms. 
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Definition 2.1. A map p : Y — > X has continuous lifting of paths if Pp : (fY) y — > (!PX) p ( y ) is a homeomorphism 
for each y e Y. 

Certainly every map with continuous lifting of paths has unique path lifting since this property is 
equivalent to the injectivity of Vp in the above definition. Consequently a map with continuous lifting 
of paths has the unique lifting property with respect to all path connected spaces 11201 2.2 Lemma 4]. The 
condition that Vp be a homeomorphism is much stronger than the existence and uniqueness of lifts of paths 
since each inverse L„ : (5PX) p ( y ) — > 0PY) y , which we refer to as the lifting homeomorphism, taking a path a to 
the unique lift a y starting at y is required to be continuous. 

Let A 2 = {(s,f) £ I 2 \s + t < l} be the 2-simplex with edges ei,e 2 ,e 3 opposite to vertices (1,0), (0, 1), (0,0) 
respectively. Let<9y : e; <^-> A2 denote each inclusion and (OX), be the space of relative maps (A2,ei) — » (X, {x}). 
If a, $ e (PX)j such that a(l) = jS(l), then a - jS (rel. endpoints) if and only if there is a cp e (OX) x such that a is 

I > A2 > X and jS is I > £3 > A2 > X (the first map is the inverse of the homeomorphic 

projection of e$ onto e-i — I). Thus elements of (OX) A - are homotopies of paths. Just as with path spaces, 
O: Top, — » Top, is a functor which is Qf{<\>) = f ° (f> on morphisms. 

Definition 2.2. A map p : Y — » X has continuous lifting of homotopies if Op : (OY) y — » (OX) p ( }/ ) is a homeomor- 
phism for each y e Y. 

Let ^ be a groupoid with source and target maps s, t: Q — > Ob(@). The star of ^ at x e Ob(@) is 
& = (ge 0Kg) = *}• Additionally, ^ = {ge ^|f(g) = y}, ^(x, y) = ^ x n & and ^(x) = Q(x,x). If g e ^(x, y), 
right and left multiplication by g is p g : ^(it>, x) — > ^(iw, y) and A g : Q{y, z) — > Q(x, z) respectively. A covering 
morphism is a functor F.Q^Q'oi groupoids such that each function @ x — > ^w^, g is a bijection. If 

g e Q' ¥(x y then g x denotes the unique g x 6 ^ such that F(g v ) = g. We refer to l6| for the theory of covering 
morphisms, groupoid actions, and the fundamental groupoid. The following lemma is straightforward 
given the above definitions. 

Lemma 2.3. Let p: Y — > Xbea map with continuous lifting of paths and homotopies. 

1. p induces a covering morphism np : nY — > nX of fundamental groupoids. 

2. Y is a right nX-set via the action p _1 (xi) x nX(x\,xz) — > p~ l {xi), (y, [«]) >-> y • [a] = a y (l). 

3. If p(y,) = x„ i = 1,2 and f> e , PX(xi,X2), ^en [j8] e lm(np: nY(yi,y2) — > 7rX(x 1 ,x 2 )) if and only if 

yi ■ [jS] = y2- 

Thus a map with continuous lifting of paths and homotopies has monodromy in the following sense. 

Definition 2.4. The monodromy of a map p : Y — > X with continuous lifting of paths and homotopies is 
the functor Jtp: nX — > Set which takes a point x e X to the fiber p _1 (x) and a class [a] e nX(xi,X2) to the 
function p _1 (xi) — > p~ 1 {x 2 ), y h» y • [a]. 

The following useful lemma is a generalization of a well-known lifting result from covering space theory 
(|6 10.5.3]) and illustrates precisely why the notion of continuous lifting is worth considering in covering 
space theory and its generalizations. 

Lemma 2.5. Let p: Y — > Xbea map with continuous lifting of paths and homotopies and W be a space whose path 
components are open and such that for each w eW evaluation ev\ : (PW) W — > W, jS i-» j8(l) is quotient onto the path 
component ofw. Iff: W — > X is any map such that nf: nW —> nX lifts to a morphism W: nW — > nY of groupoids 
(i.e. np o \P = nf), then f = Obifl 1 ) : W — > Y is continuous and = nf. 

Proof. Since the path components of W are open, it suffices to show the restriction of / to each path 
component of W is open. Thus it suffices to the prove the lemma for W path connected. Suppose f(wo) - yo 
and p(yo) = x o = f( w o)- Note that f is determined as follows: given w e W and any path jS e (PW) Wo 
such that a(l) = w, f(w) = f o a (1). That this description of f(w) does not depend on the choice of wq or 
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jS e CPW) Wa follows, in the usual manner, from the unique path lifting of p and the assumption that VP is a 
lift of nf. By functorality, Vf: CPW) Wo — > (!PX) Vo is continuous and since p has continuous lifting of paths, 
there is a lifting homeomorphism L p : (PX) X(I — > (PY)y . The diagram 




-» y- 



commutes and since the left-most vertical map is quotient, / is continuous by the universal property of 
quotient spaces. Since np is a covering morphism and W and nf are both lifts of nf, we have VP = h/. □ 



3 Semicovering maps 

Definition 3.1. A semicovering map p : Y — > X is a local homeomorphism with continuous lifting of paths 
and homotopies. 

We refer to Y as a semicovering space of X and often refer to p simply as a semicovering of X. If q : Y' — > X 
is another semicovering of X, a morphism of semicoverings is a map / : Y — > Y' such that 



> Y' 




commutes. This defines a category SCov(X) of semicoverings of X. Two semicoverings of X are then 
equivalent if they are isomorphic in this category. A semicovering p : Y — » X is connected if Y is non-empty 
and path connected. Let SCovo(X) denote the full subcategory of connected semicoverings. A universal 
semicovering of X is a semicovering initial in SCov (X). 

Remark 3.2. Every zero morphism —> X is vacuously a semicovering called the empty semicovering of X. 
The monodromy of the empty semicovering is the unique (provided X is path connected) functor nX — » Set 
whose value on each object is the emptyset. Note that if y e Y and x e X, any path a e r PX{p{y), x) lifts to a 
path oty such that p(a y (l)) = x. Thus if X is path connected and p : Y — » X is a semicovering map, then either 
Y = or p is surjective. 



Remark 3.3. It is evident from Lemma 2.5 that a semicovering has the homotopy lifting property with 
respect to locally path connected, simply connected spaces and is therefore a Serre fibration with discrete 
fibers. 

It is well-known that if one does not restrict to spaces with universal coverings the composition of 
two (connected) covering maps is not always a covering map. On the other hand, it is straightforward 
from the definition of semicovering that the composition of two semicoverings is a semicovering. Thus 
connected semicoverings have the desirable "two out of three" property. The following lemma is an exercise 
in point-set topology 

Lemma 3.4. Let p: X — > Y, q: Y — > Z and r = qopbe surjective maps. If two ofp,q,rare local homeomorphisms, 
then so is the third. If two ofp,q,rhave continuous lifting of paths and homotopies, then so does the third. 

Corollary 3.5. Let p: X — > Y, q: Y — > Z, and r = q o p be maps where Y and Z are path connected. If two of p,q,r 
are semicoverings, so is the third. 
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Proof. The case where X = is trivial. Suppose then that p(x ) = y and q(yo) = z = r(x Q ). If p and q are 
semicoverings, then r clearly satisfies the conditions in Definitio nj3T| If q and r are semicoverings and y e Y 
take a e (PY)y witha(l) = y. Then a e (PZ) Zo has unique lift q o a e (PX) Xo with endpoint x = q~o~a Xg (l). 
Since q op o q~o~a x - q o a and ^ has unique path lifting, we have p ° q~o~a Xa — a. Therefore p(x) = a(l) = y 



and p is surjective. By Lemma 3.4 p is a semicovering. Lastly suppose p and r are semicoverings. Since Z 
is path connected, ^ is surjective and therefore a semicovering by Lemma 3.4 □ 



We now check that every covering is a semicovering. 

Remark 3.6. If p : Y — > X is a covering map and U c X is an evenly covered neighborhood, then p -1 ( U) is the 
disjoint union ]J A Va of slices V\ over U. The collection of slices over evenly covered neighborhoods form 
a basis S3 V for the topology of Y which is closed under finite intersection. Consequently, the neighborhoods 

of the form n)=i(K«, Vj), Vj e S$ v give a basis for the topology of PY. 

Proposition 3.7. For any space X, Cov(X) and Cov (X) are full subcategories of SCov(X) and Cov (X) respectively. 

Proof. Certainly, a covering map p : Y — > X is a local homeomorphism. Suppose p(yo) = Xq. Since covering 
maps uniquely lift paths and homotopies of paths, Pp : {PY) yo — > (!PX) A - and Op : (OY) yo — > (OX) Ao are bijec- 

tive. Both are continuous by functorality. Let 11 = {^\ l j = i{K ! n , Uj) be a basic non-empty open neighborhood 



in {PY) yo where each Uj e 



a=poa yo 



Since tl is non-empty, there is a path a yo E If that is the lift of 



f)(n,p(Uj)) 



n 



(n-\ 

n 



,p(li,-n tfy+i) 



Clearly Ppi^U) C *V. The lift a 1/0 has the following description: There are homeomorphisms hj : p{Uj) — > Uj 
such that p o hj is the identity of p{Uj). For each t e K ! n , we have a yo (t) = hj o Note that if jS is any other 
path in < V, the unique lift |S yo e (^Y) yo is defined in the same way, that is, for each t e K ] n , jS yo (f) = hj o jS(f ) . The 
equality Ppi^U) = 'V implies that Pp is open. A completely analogous argument may be used to show that 
Op : (OY) yo — » (OX) Yo is a homeomorphism. Recalling how lifts of homotopies of paths are constructed, one 
may proceed by viewing A2 as a simplicial complex and taking a basic open neighborhood of a homotopy 
G yo e (OY) yo to be of the form If = r\aesd n (A 2 )^ a ' ^a) where the intersection is taken over 2-simplices a in the 
n-th barycentric subdivision srf„(A2) of A2 and U a € 8$ v . Then 



«V = 



^ffesrf„(A 2 ) 



p| (a,p{U a )) n P (e /P (U a nUr)) 



is an open neighborhood of G = p o G l/0 satisfying Op('W) = *V. Here the second intersection ranges over all 
1-simplices which are the intersection of two 2-simplices in sd„(A2). Thus every covering is a semicovering 
and Cov(X) and Cov (X) are full subcategories. □ 

Example 3.8. Since every covering is a semicovering, the composition of covering maps is always a 
semicovering map even if it is not a covering map. This fact alone provides simple examples of semicoverings 
which are not coverings. In the non-connected case, it is easy to see that S 1 x {1,2, ...} — > S 1 , (z, n) — » z" is a 
semicovering but not a covering. There are connected semicoverings of the Hawaiian earring 



HE 



j{(x,y)e]R 2 |(x-i) 2 



J n 2 



which are not coverings; variations of the semicovering space which is the answer to Exercise 6 in Chapter 
1.3 of Hatcher [13 1 illustrate the extensiveness of semicoverings of non-semilocally 1 -connected spaces 
beyond coverings. 
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Figure 1: A two-sheeted covering of a covering of HE which is a semicovering of HE but fails to be a 
covering of HE. 



It is also worthwhile to note that semicoverings admit an adequate theory of pullbacks. 

Proposition 3.9. Ifp: Y — > Xis a semicovering ofX, /: W — » X is a map, and W x x Y = \{w,y)\f(w) = p(y)} is 
the pullback, the projection f*p : W x x Y — » W is a semicovering ofW. Consequently, Scov(X) is contravariant in X 
with values in the category of small categories. 

Proof. If (w, y) e W x x Y, let U be an open neighborhood of y in Y which is mapped homeomorphically onto 
p(U) and V = f~ l {p{U)) c W. Now (V X U) n W x x Y is an open neighborhood of (w, y) inWx x Y mapped 
homeomorphically onto V by f*p. Let q : W X x Y — > Y be the projection onto the second coordinate and fix 
{wq, yo) e W x x Y so that f(wo) = x = p(yo). Consider the pullback square 



where r\, r^ are the projections. The maps f{f*p) and Vq induce the canonical homeomorphism W. Since Vp is 
a homeomorphism by assumption, categorical considerations give that r 2 is a homeomorphism. Thus V{f*p) 
is a homeomorphism. The same argument may be used to show that Q(f*p) : (<t> ( W X x Y)) (ffio Xo) -» (fW)^ 
is a homeomorphism. The fact that a morphism g : Y — » Y' of semicoverings p and p' of X induces a map 
W X X Y ^ W X X Y' such that f*p' o /*g = /*p (i.e. a morphism f*p -> /*p') follows from the universal 
property of W x x Y'. Thus /* : SCov(X) -> SCov(W) is a functor. □ 

Proposition 3.10. If p: Y — > X and /: Z — > X are connected semicoverings and p is universal, the induced 
semicovering f*p ofZ is also universal. 

4 Top-groupoids and n T X 

In this section, we provide a construction for a topology on the fundamental groupoid which plays an 
important role in the classification of semicoverings. 




Pf 



The path component space n Q Z of a space Z is the set of path components tcqZ viewed as a quotient 
space of Z. That gives endofunctors of Top and Top, follows directly from the universal property 
of quotient spaces. The group nf° p (X,x) = n^ op D.(X,x) is the quasitopological fundamental group of (X,x) 

and is characterized by the canonical map h: Q(X,x) — » nf° p (X,x) identifying homotopy classes of maps 
being quotient. This is a quasitopological group in the sense that inversion is continuous and left and right 
translations by fixed elements are continuous. It is known that 7Tj top is a homotopy invariant which takes 
values in the category qTopGrp of quasitopological groups and continuous group homomorphisms |7| , 
however, 71? ° v {X,x) often fails to be a topological group fl4j [HJ [9l . 

In 1 3 1 , this failure is repaired within qTopGrp by noticing that the forgetful functor TopGrp — » qTopGrp 
has a left adjoint T such that the two triangles in 

T 

qTopGrp { > TopGrp 




Grp 



commute (the unlabeled arrows are forgetful functors). To construct t explicitly let Fm(G) be the free 
(Markov) topological group on the underlying space of G and nic : Fm(G) — > G be the multiplication of 
letters induced by the identity of G. Let t(G) be the underlying group of G with the quotient topology with 
respect to mc- Since Fm(G) is a topological group, so is the quotient group t(G). Applying t has the effect 
of removing the smallest number of open sets from the topology of a quasitopological group G so that one 
obtains a topological group. Thus t(G) = G if and only if G is already a topological group. It is then natural 
to define — % o op . 

Proposition 4.1. The topology of n\{X, xq) is the finest group topology on m(X,xo) such that h: Q(X,xo) — > 7ii(X,xo) 
is continuous. 

Proof. Suppose n\(X, Xo) is endowed with a topology making it a topological group and such that Q(X, Xq) — » 
7ii(X,xo) is continuous. The identity nf° p (X,xo) — » Hi(X,xo) is continuous by the universal property of 
quotient spaces and since 7ii(X,Xo) is a topological group, the adjoint is the continuous identity 7ij(X,Xo) = 
T(7!<? top (X,x )) _> m(X,x ). Thus the topology of 7ij(X,x ) is finer than that of ni(X,x ). a 

This construction is now extended to the fundamental groupoid. 

Definition 4.2. A qTop-groupoid is a (small) groupoid Q where the object set X and hom-sets Q{x, y) are 
equipped with topologies such that each composition Q(x,y) x Q{y,z) — » Q(x,z) is continuous in each 
variable and each inversion function Q(x,y) — » Q{y,x) is continuous. A morphism of qTop-groupoids is 
a functor F: Q — > Q' such that each function F: Q{x,y) — > Q'{F{x),F{y)), f i-> F(f) is continuous. If each 
composition map in Q is jointly continuous, then Q is a Top-groupoid, that is, a groupoid enriched over Top 
in the sense of [17]. Let qTopGrpd be the category of qTop-groupoids and TopGrpd be the full subcategory 
of Top-groupoids. 

Note that Q{x,y) X @{y,z) — > Q{x,z) is continuous in each variable if and only if all translations 
A f : Q{x, y) Q(x, z), g m> /g and p fc : ^(3// z) — > Q(x, z), g ^ gk are homeomorphisms. The author em- 
phasizes that the notion of Top-groupoid is distinct from that of topological groupoid which refers to a 
groupoid internal to Top. 

Proposition 4.3. Let nl tap X denote the fundamental groupoid ofX where each hom-set n ?top X(xi,X2) is viewed as the 
quotient space 7ig top (!PX(xi, X2)). This gives the fundamental groupoid the structure of a qTop-groupoid. Moreover, 
n qtop . j Q p _^ qX pG r pd is a functor. 
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Proof. By applying n' Q v to operations of left concatenation a — > a* f>, right concatenation a — > jS * a, and 
inversion a i-» a -1 on path spaces, one observes that 7T 9iop X is indeed a qTop-groupoid. Similarly a map 
/: X -» Y induces the map n^{r{f)) : n^Xfa, x 2 ) -» 7iT(f(xi), f(x 2 )), [a] h> [/ o a]. □ 

The following lemma extends the definition of x from groups to groupoids by applying the group-valued 
x to vertex groups and extending via translations. 

Lemma 4.4. The forgetful functor TopGrpd — > qTopGrpd has a left adjoint x : qTopGrpd — > TopGrpd if/iic/i is 
the identity on underlying groupoids. 

Proof. Let Q be a qTop-groupoid. For each x 6 Ob{Q), let x(£?)(x) be the topological group x(£?(x)). If x + y 
and £r(x, y) + 0, let %{Q){x, y) have the topology generated by the sets Ug = {ug\u e U] where g e Q{x, y) 
and U is open in x(Q)(x). Since Ugig^ 1 is open in t(Q)(x) for all g\,g 2 £ Q(x,y), the right translations 
p g : x(£r)(x) — > T(Q){x,y) are homeomorphisms. Note that if g e Q{x,y), then A ? -i o p ? : £?(x) — > £?(y), 
ft 1— > g~ l hg is an isomorphism of quasitopological groups. The functorality of x: qTopGrp — » TopGrp then 
gives that the same homomorphism x(£?)(x) — » x(£?)(y) is an isomorphism of topological groups. Thus 
all left translations A ? : z{@){y) — > t{Q){x, y) are homeomorphisms. One now may use the fact that the 
vertex groups t{Q){x) are topological groups to see that t{Q) is a Top-groupoid. A morphism P.Q—^Q' 
of qTop-groupoids induces a morphism x(F) : %{Q) — > x(^') of Top-groupoids since the group-valued x on 
the vertex groups gives continuous homomorphisms t{Q){x) — » x(^')(F(x)). One may then extend to all 
hom-sets via translations. We use a similar argument to illustrate the universal property of t{Q). Suppose 
Q' is a Top-groupoid and P.Q — > Q' is a morphism of qTop-groupoids. It suffices to show that each 
function F: x(£)(x,y) -> £'(F(x),F(y)) is continuous. Note that for each x e Ob{Q), F: Q{x) -> £'(F(x)) is 
a continuous group homomorphism from a quasitopological group to a topological group. The adjoint 
homomorphism F: x(^)(x) = x(G(x)) — > ^'(F(x)) is also continuous. Again, we extend via translations to 
find that F: %{Q){x, y) — > £?'(F(x),F(y)) is continuous in general. □ 

By construction, the vertex groups of %{Q) are the topological groups x(^(x)). Since each identity 
Q{x) — > x(^)(x) is continuous, it follows that the identity functor^ — » x(^) is a morphism of qTop-groupoids. 
Just as in the group case a qTop-groupoid Q is a Top-groupoid if and only HQ = t{Q). 

Definition 4.5. The fundamental Top-groupoid of a topological space X is the Top-groupoid n r X = x(7i' ?top X). 

For practicality, we introduce an alternative construction of tc t X. The following approximation tech- 
nique, which is possible since the existence of n T X is already known, extends to groupoids the well-known 
process of inductively forming quotient topologies on groups. The group case of what is given here is laid 
out in more detail in [3j. 

Approximation of x(Q) 4.6. Let Q = Q§ be a qTop-groupoid. Construct qTop-groupoids Qi inductively so 
that if C is a successor ordinal, the topology of Q(_(x, y) (provided it is non-empty) is the quotient topology 
with respect to the sum of multiplication maps 

H ■ j j &c-\(x, a) x Qc-\{a, y) -> Q Q (x, y) . 

aeOb(G) 

If C, is a limit ordinal, the topology of Qcfx, y) is the intersection of the topologies of Q n {x, y) for r\ < C 
Lemma 4.7. Let Qbea qTop-groupoid. 

1. The identities Qi — > Qq+i ~~ > x(^) are morphisms of qTop-groupoids for each Q. 

2. is a qTop-groupoid for each C 

3. z(0 Q ) = T{&)for each C 

4. Qq is a Top-groupoid if and only if Qc = if and only if Qq{x, y) = @t + \{x, y)for all x, y e Ob{Q). 
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5. There is an ordinal number Co such that Qi = %(Q)for each £ > Co- 
Proof. 1 . This follows from transfinite induction. The case for limit ordinals is clear. For successor ordinal 
C, each map §^-\{x, y) -> @ c {x, y) is continuous since Qc-i{x, y) X [id y ) c ]]_ a€0b{G] Qc-\{x,a) x Qc-\{a, y) and 
jj. is continuous. Additionally, the left vertical map in the following diagram is quotient. 

LLeOfc(g) 

@ c -i{x,a) x Qc-\{a,y) — U fle06( g) %{0){x,a) x z(Q)(a,y) 



y) „ > t(£)(x, y) 

Therefore if the top map is continuous, so is the bottom map. 

2. The continuity of translations and inversion in @q follows from a straightforward transfinite induction 
argument similar to that in 1 . 

3. Since id: Qc ~* is a morphism of qTop-groupoids so is id: %{Qi) —> t(t(@)) = t(Q). Additionally 

t{&c) i s a morphism of qTop-groupoids whose adjoint is the inverse id: t(Q) — > x(@t). 

4. The first biconditional is clear from 3. The second is clear from the observation that Qc is a Top- 
groupoid if and only if \i : \J ae ob(ff) &c{x,a) x Qi{a, y) — » Qi(x, y) is continuous for each x, y £ Ob(@). 

5. For each ordinal Q, let Ac = \l x , v eOb(@) &c{x, V) be the disjoint union of hom-spaces and S^c be the 
topology of Aq. 1. gives that C C ,% for each C and 4. implies that = 5^ if and only if 
Qc - i{G)- Suppose Qq + t(Q) for each C- Thus 5^ - I^c+i + for each ordinal C, contradicting the fact there 
is no injection of ordinal numbers into the power set of ,%. Thus there is an ordinal Co such that @c — t{@). 
Since @x& ~ * Qc ~* T (&) are morphisms of qTop-groupoids whenever C > Co/ it follows that Qc = t{Q) for all 
C>Co- ' □ 

Corollary 4.8. For each X\,X2 e X, the canonical maps h: r PX{x\,x 2 ) — > TfX{x\,x 2 ) identifying homotopy classes 
of paths are continuous. 

Proof. The topology of n r X(xi,x 2 ) is coarser than that of n qiov X{xi,x 2 ) and h: r PX{x\,x 2 ) — > 7i 1?top X(xi,X2) is 
continuous by definition. □ 



5 Open embeddings and enriched monodromy 

Lemma 5.1. Ifp: Y — > X is a semicovering such that p{yi) = Xi, i = 1,2, the map Vp: t PY{y\,y 2 ) — > l PX{x\,x 2 ) is 
an open embedding. 

Proof. Since Pp: PY(yi,y 2 ) -» f PX(x\,x 2 ) is the restriction of the homeomorphism Vp: (PY) yi -» (PX) Xu it 
suffices to show the image of Pp is open in f PX(xi,x 2 ). Let a e ( PX(x\,x 2 ) such that a yi e pY(yi,y 2 ). Let 
14 = nl=i{^n> Uj) be an open neighborhood of a yi in { r PY) yi such that p\ Un : U„ — > p(!i„) is a homeomorphism. 
Since fp: (PY) yi = (PX) Xu W = Vp{14) D !PX(x 1; x 2 ) is an open neighborhood of a in £>X(xi,x 2 ). If f, e W, 
then 14 is an open neighborhood of jS ;/1 in (PY)^. In particular, jS yi (l) e !i„ PI p~ l (x 2 ) = {y 2 }. Therefore 
jS yi e PY(i/i, 1/2) gi vm g the inclusion r W c (f p). □ 

Theorem 5.2. Let p: Y — > X be a semicovering map. The covering morphism n r p: n T Y — > 7i T X ts arz open 
Top-/«ncfor. 

Proof. First, note that each function up: nY(y\,y 2 ) —> nX(p(y\),p(y 2 )) is injective since np is a covering 
morphism of groupoids. This injectivity is independent of topologies on the hom-sets. We take the inductive 



approach to tc t discussed in 4.6 For simplicity of notation, let Ho = n qt ° v Y and @q = n^ top X and inductively 
take Hq and Qq to be the approximating qTop-groupoids of xifH^) = n r Y and t{Qq) = n T X respectively. For 
the first inductive step, we show that whenever p(y,) = x„ i = 1,2, the map np: Ho(yi,y 2 ) — > ^0(^1/^2)/ 
[a] H[pa] is open. 
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Let (J be an open neighborhood in < Ho{y\, yi). The diagram 

PY(y 1 ,y 2 )^^PX(x 1 ,x 2 ) 



commut es w hen hy and hx are the canonical quotient maps. Since h.% is quotient and the top map is open 
(Lemma 5.1 >, it suffices to show h^(np(U)) = , Pp(h~ l (U)). If a e h^(np(U)), then [a] e np(U) and the lift 



ends at y 2 by 3. of Lemma 2.3 Now that np ([5 yi ]) = M £ Tcp(U), the injectivity of 7ip gives [a yi ] e ii. 
Therefore a = p o a yi = Pp(a yi ) for a y] e /z" 1 ^). For the other inclusion, if a = p o a yi such that [a yi l e /J, 
then [a] = 7ip ([« yi ]) e 7Tp(!i) and therefore a e h^(np(U)). 

Suppose C is an ordinal and that np: < H r] {y\,y 2 ) — > Qdv{y\),p{y 2 )) is open for each 1/1,1/2 e V and each 
ordinal j] < C- Fix yi, y 2 e Y and let p(y,) = X{. Clearly, if C is a limit ordinal, then np : *Hj(yi, y 2 ) — > £?e( x i/ x 2) 
is an open embedding. If C is a successor ordinal, consider the following diagram. 



U b€Y f H C - 1 (y 1 ,b)x<Hc-i(b,y 2 ) 



"> LLex£c-l( x l> fl ) X C -i(fl,X 2 ) 

fx 



The vertical multiplication maps are quotient by definition. The top map 3?c-\ is, on each summand, the 
product of open embeddings (by induction hypothesis): 

np x np: ( Hc-i{yi,b)x ( Hc-i{b,y 2 ) -> Qc-\{x x ,p{b)) x g i - 1 (p(b),x 2 ) 

where ([a],[j8]) i-> ([p o a], [p o |S]). Therefore is continuous and open. By the universal property of 
quotient spaces, the bottom map is continuous. Now suppose U is open in < HQ{y\,y 2 ). It suffices to show 
p.~^{np{U)) is open. If ([§], [e]) 6 ji^}(np(U)), then [6 * e] e np(U). Let a = 6(1). Consequently, the lift of 6 * e 
starting at y\ ends at y 2 . This lift is 6 yi * ib where bo = 6 yi (l) e p _1 («o)- Since 

np ([<5 yi * e bo ]) = [p o (<5 yi * e fco )] = [(p o S yi ) * (p o e bo )] = [6 * e] e np(U) 

and np is injective, [<5 yi *£f, ] 6 U. Therefore II) is an open neighborhood of \U>yA , [£fc ]) anc ^ ^c-iCP-y 1 ^)) 
is an open neighborhood of ([6], [e]) in TJ fleX Gc-\{ x \i a ) x £?c-i( fl / x 2)- It then suffices to check the inclusion 
^c,- 1 (H Y 1 (U)) c pj£(np(U)). This follows easily from noticing that if ([a], [£]) e ^(IZ), then [a * |3] e U and 

^x(^c-i([a], [/3])) = [p o a][p o 0] = [p o (a * = np([a * 0) e np(U) 



Corollary 5.3. If p: Y — > X is a semicovering such that p(yo) = *0/ tfen nip: 7iI(Y, yo) — » 7ij(X,xo) * s fln op en 
embedding of topological groups. 

The monodromy of a semicovering becomes an enriched functor when we use 7T T X and view Set of 
non-empty sets as a Top-category by giving each set the discrete topology and endowing each hom-set 
Set(Fi,F2) with the topology of pointwise convergence (which is equivalent to the compact-open topology). 

X is a Top-functor. Moreover, 



Corollary 5.4. The monodromy Jlp : n T X — > Set of a semicovering p : Y 
^£: SCov(X) — > TopFunc(Ti T X, Set) is a functor. 
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Proof. Suppose p(y,) = x„ i = 1,2. Since the fibers of p are discrete and Im(np: TtY{y\,yi) — > 7iX(xi,x 2 )) = 
{[a] e TcX(xi,x 2 )\yi ■ [a] = y 2 } is open in 7T T X(xi,x 2 ) by |5,2| each 

p _1 (xi) x 7i T X(x 1 ,x 2 ) -> p _1 (*2) , ([a],y) h» y- [a] 

of the action of tiX on Y is continuous. Since discrete spaces are locally compact Hausdorff, the adjoint 

Jlp: 7i T X(xi,x 2 ) — > Set(p~ 1 (xi),p~ 1 (x 2 )) where ./#p([a])(y) = y • [a] 

is continuous. Thus p : 7i T X — > Set is a Top-functor. A morphism / : Y — » Y' of coverings p: Y — > X and 
p' : Y — » X induces the natural transformation jHf: Jtp — > .^p' with components /: p _1 (x) — » (p') _1 (x). □ 

Corollary 5.5. For eac/z xo e X, monodromy of a semicovering p : Y — > X restricts to a continuous group homomor- 
phism 7Tj(X,x ) — » Homeo(p~ 1 (x Q )). 

Our main result is that SCov(X) — > TopFunc(7i T X, Set) is an isomorphism of categories for all X in 
the class of (locally wep-connected) spaces introduced in the next section. The motivation for extending 
beyond locally path connected spaces to this class lies in potential applications to the theory of topological 
groups and Top-groupoids. 



6 Local properties of endpoints of paths 

The fundamental group n\ naturally realizes many important topological groups on spaces which are 
not locally path connected. We work to make our theory of semicoverings apply to such spaces. Since 
application to arbitrary spaces is unrealistic (recall Zeeman's example mentioned in the introduction), we 
must specify exactly which non-locally path connected spaces are to be included in our theory. The two 
notions of wep- and local wep-connectedness below generalize the notion of local path connectedness to 
suit this need. Definition |6.1| appeared first in [3 1 since it is precisely what is needed for the topological van 
Kampen theorem. 

Definition 6.1. Let a: I — > X be a path. 

1. a is well-ended if for every open neighborhood U of a in !PX there are open neighborhoods Vb, V\ of 
a(0),a(l) in X respectively such that for every a e Vo,b e V\ there is a path f} e U with jS(0) = a and 

m = b. 

2. a is well-targeted if for every open neighborhood U of a in (PX) a (o) there is an open neighborhood V\ 
of a(l) such that for each b e V\, there is a path /3 e U with jS(l) = y. 

A space X is wep-connected if every pair of points in X can be connected by a well-ended path. 

Some intuition for well-ended and well-targeted paths is given in [3j. 

Proposition 6.2. IfX is wep-connected and x e X, the evaluation map ev\ : (PX) Xo ->X,o:h a(l) is quotient. 

Proof. Suppose x e U c X such that ec~ 1 (U) is open in {'PX) Xo . Since X is wep-connected, there is a 
well-targeted path y e {'PX) Xo ending at x. Since ec~ 1 (LT) is an open neighborhood of y, there is an open 
neighborhood V of x in X such that for each v 6 V there is a path a e ev~ x {U) from xo to v. Thus V c U. □ 

Proposition 6.3. If the path components ofX are wep-connected, then ng top (X) is discrete, i.e. the path components 
ofX are open. 

Proof. Let x e X and a be any well-ended path such that a(0) = x. Since PX is an open neighborhood of a, 
there are open neighborhoods Vq, V\ of x, a{\) respectively such that for each a e Vq, b e V\ there is a path 
y e fX from a to b. Since for any a e Vq, there is a path y from a to a(l), it is clear that Vq is contained in the 
path component of x. □ 
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The previous two propositions indicate that spaces with wep-connected path components are suitable 
for application of Lemma 2.5 Unfortunately, difficulties arise as one attempts to construct semicoverings 
of general wep-connected spaces. We are then motivated to slightly strengthen this notion. 

Definition 6.4. Let a: I — > X be a path. 

1 . a is locally well-ended if for every open neighborhood U of a in PX there are open neighborhoods Vq, V\ 
of a(0), a{\) in X respectively such that for every a e V , b e V\ there is a well-ended path /3 e U with 
jS(0) = a and 0(1) = fe. 

2. a is locally well-targeted if for every open neighborhood U of a in (PX) a (p) there is an open neighborhood 
V\ of a(l) such that for each b 6 Vi, there is a well-targeted path f} 6 U with /3(1) = y. 

A space X is locally wep-connected if every pair of points in X can be connected by a locally well-ended path. 

Remark 6.5. The definitions of well-ended and well-targeted paths address the same property of the 
underlying space. It is shown in [3] that for fixed x 6 X, X is wep-connected if and only if for each x' e X, 
there is a well-targeted path from x to x' . The analogous statement holds for locally wep-connected spaces 
and locally well-targeted paths. We repeatedly call upon this fact without reference. In situations where it 
is necessary to use a basepoint, it is more convenient to work with well-targeted and locally well-targeted 
paths. 

Clearly every locally wep-connected space is wep-connected. Examples of spaces which are wep- 
connected but not locally wep-connected exist but are complicated and would distract from our purposes. 
Additionally if a: I — > X is a path and X is locally path connected at a(0) and «(1), then a is well-ended 
(3j Prop. 6.5]. It follows immediately that any path connected, locally path connected space is locally 
wep-connected. There are many non-locally path connected spaces which are locally wep-connected (for 
instance, see Prop. |6.7| below). Since working with (locally) well-ended paths requires working with the 
compact-open topology, we make heavy use of the following machinery and notation (as is used in HI 13) 
for dealing with operating on neighborhoods of paths. 

Let 1/ = n"=i<C ; -, Uj) be an open neighborhood of a path p e PX. Then <U A = rW,-*^ 1 ^ n C j)> U j> 
is an open neighborhood of p A . If A = jf) is a singleton, then 14a - f)tec (I' = C\tec- ^;)- On the other 
hand, if p = qA for some path q e PX, then 14 A = fyj =1 {T A (Cj), Uj) is an open neighborhood of q. If A = {t} 
so that Pa = c p ^, let H A = f~"|" =1 <{t}, LIy>. The following observation illustrates how one may "place one 
neighborhood after another" using this notation. 

Lemma 6.6. Let U = C\" =1 {Cj, Uj) be an open neighborhood in PX such that lj" =1 Cj = I. Then 

1. For any closed interval Ac I, (1/ A ) A = K c CU A ) A 

2. I/O = t <h<t 2 < ... < i n = 1, then <U = n^iCWft-^])^ 1 - 

For brevity, if 1A = H^i^Q/ Ui) *V = nj=i(D/, Vy) are neighborhoods of a and f> respectively where 
a(l) = jS(0), we write for the neighborhood t/N] n "VViA of a */3. 

The author refers to the space E(X+) = xf^jy of the next proposition (studied in detail in |4|) as the 
generalized wedge of circles on the topological space X due to the fact that 7iI(Z(X+), xq) is naturally isomorphic 
to the free topological group Fm(t[q° p (X)). It is desirable that generalized wedges be locally wep-connected 
for application of semicoverings to these groups. 

Proposition 6.7. For every space X, the generalized wedge of circles £(X + ) is locally wep-connected. Moreover, a 
space obtained by attaching n-cells, n > 2 to £(X+) is locally wep-connected. 

Proof. Since E(X+) is locally path connected at its basepoint xq, pick x A t e X A (0, 1). Let a be any path from 
Xq to x A t satisfying a(s) = x A r(s), and a~ 1 (xo) = {0}. A basic open neighborhood of a may be taken to be of 
the form 



04 = (K l n ,v) ^(^(KlU h{aj,bj)) 
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where V is a basic neighborhood of xo and (J is an open neighborhood of x in X. If u A v e U A (a„, b n ), 
then the path f5(s) = u A r(s) from iq to « A f lies in HA and also satisfies jS _1 (xo) = {0}. Let y be the arc 
y(s) = u A (f + s(v - t)) in \u\ A (a n ,b„) from « A f to m A i» and 6 be the path satisfying 5^ = |3 and 
6 K 2n - y. Clearly 5 e H is a path from xo to w A v and therefore a is well-targeted. Since 5 is also of the form 

5(s) = y A r'(s) where <5 _1 (xo) = {0}, it follows that 5 is well-targeted. Thus a is locally well-targeted. Since 
n-cells are locally path connected, a straightforward extension of this argument applies to spaces obtained 
by attaching cells to £(X+). □ 

Corollary 6.8. For any space (Y, yo), there is a locally wep-connected space X and a map X — » Y which induces an 
isomorphism 7ij(X,xo) — > nUY,yo) of topological groups. 

Proof. The counit cu : E (Q(Y J/o)+) — * V of the loop-suspension adjunction induces a quotient map 

n\(cu): 7iJ(E(Q(Y,yo)+) ,*o) -» 7i![(Y,i/o) 

of topological groups. For each [j3] e ker (n^(cu) attach a 2-cell using a representative loop /3: S 1 — > 
E (Q(Y, J/o)+)- Let X be the resulting space, which is locally wep-connected by the previous proposition. The 
inclusion;: E(Q(Y, y )+) ^ X induces a quotient map tt^ (;') : n\ (E(Q(Y, y )+),x ) — > TZj(X,x ) of topological 

groups by Corollary 5.3 of £Q. Since ker (n^dfj = ker (n^(cufj, there is a map X — » Y which induces the 
desired isomorphism □ 

The following lemma requires simple arguments for the compact-open topology of path spaces. The 
statements with "locally" included follow directly from the analogous statements which do not. 

Lemma 6.9. Let Xbea space and a: I — > Xbe a path. 

1. If there is a < t < 1 such that a^i] is well-targeted (resp. locally well-targeted), then a is well-targeted (resp. 
locally well-targeted). 

2. If there are < s < t < 1 such that a^t] and (a[o, s ]) _1 are well-targeted (resp. locally well-targeted), then a is 
well-ended (resp. locally well-ended). 

3. The reverse of a well-ended (resp. locally well-ended) path is well-ended (resp. locally well-ended). 

4. The concatenation of well-ended (resp. locally well-ended) paths is well-ended (resp. locally well-ended). 

Proof. 1. If ot[t ,i] is well-targeted and <U is an open neighborhood of a, we find a neighborhood *V of a of 
the form *V = HLiCKn/ contained in 11. Now < V[y] is an open neighborhood of Note that if f = 1, 
a[t,i] is constant at ot(l), we may take < V[t,i] = (I, By assumption, there is an open neighborhood V of 
contained in U„ such that for each v e V there is a path y e ^V^i] from a(f) to When t + \, the path |3 
satisfying j8[o,f] = a[o,f] and jS^j] = y is the desired path in 'V (and thus in 14) from a(0) to v. When t = 1, let 
|3 be the path satisfying /3^ ^ j = ar ^j, jS K 2«-i = ajg, and f} K 2„ = y. Now |S is a path in *V from a(0) to o. In 
the case that a^i] is locally well-targeted and f + 1, we take y in the previous argument to be well-targeted. 
Since ft e H is such that jS[j,i] = y is well-targeted, f> itself is well-targeted and a is locally well-targeted. 
Similarly, when t + 1, we have s = ^jjp < 1 such that /3[o /S ] = y is well-targeted. Thus jS is well-targeted and 
a is locally well-targeted. 2. follows from the same type of argument used in 1. and 3. follows from the fact 
that S" 1 6 if and only if 5 e r V~ l . 4. follows directly from 2. □ 



The following Corollary 6.10 allows us to replace any path in a locally wep-connected space by a 



homotopic (rel. endpoints) locally well-targeted path. 

Corollary 6.10. Let Xbe wep-connected (resp. locally wep-connected) and x\,x-i e X. For each class [a] e nX(x\,xi), 
there is a well-targeted (resp. locally well-targeted) path jS 6 [a]. 
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Proof. If X is wep-connected (resp. locally wep-connected), there is a well-targeted (resp. locally well 



targeted) path y from X\ to Xj. Let jS = a * y 1 * y. Clearly a — jS and 1. of Lemma 6.9 implies that /3 is 



well-targeted (resp. locally well-targeted). □ 

The next two statements are motivated by the desire to lift properties of a space to its semicoverings. 

Proposition 6.11. Lett): Y — » X be a semicovering map such thatp(yo) = xq. If a e (PX) Xo is (locally) well-targeted, 
then so is the lift a yo . 

Proof. Suppose a is well-targeted and let 'W be an open neighborhood of a lj0 in { f PY) yo . Since p is a local 
homeomorphism, there is an open neighborhood U of a yo (l) mapped homeomorphically by p onto an open 
subset of X. Let %l = 'W n <{1}, U). Since Vp: (PY) ya -> (PX) Xa is a homeomorphism, <V = Vp (1/) is an 
open neighborhood of a. By assumption, there is an open neighborhood V of a(l) (which we may take to 
be contained in p(U)) such that for each v 6 V there is a path y 6 *V from xo to o. Now W = p _1 (V) n LT 
is a homeomorphic copy of V in (J. If w e W, then p(ii>) e V and there is a path y e 1 7 from xo to p(io). 
Since L p : *V s 'ZY, the lift y yo of y lies in 'W. Since p o y yo (l) = p(w) and y yo (l) e p~ l (p(w)) (MI = \w), we 
have 7y (l) = if - Since we have already shown that lifts of well-targeted paths are well-targeted, the locally 
well-targeted case follows from the same argument and taking y to be well-targeted. □ 

Corollary 6.12. Let p:Y — » X be a semicovering map. If X is locally path connected, then so is Y. If X is 
wep-connected (resp. locally wep-connected), then so is every path component ofY. 

Proof. The locally path connected case is clear since p is a local homeomorphism. For the other two cases, 
let p(yo) = xo and show the path component of yo in Y is wep-connected (resp. locally wep-connected). 
Suppose i/eY, p(y) = x, and f yo be a path from yo to y so that y — p o y lj0 is a path from xo to x. By Corollary 
6.10 there is a well-targeted (resp. locally well-targeted) path a from Xq to x homotopic to y. This homotopy 
lifts to a homotopy of paths y lj0 - a lj0 . In particular, a Vo (l) = fy W = y and a yo is well-targeted (resp. locally 
well-targeted) by Proposition 6.11 □ 



7 Classification Theorems 

Our main classification of semicoverings is the following theorem. 
Theorem 7.1. Let Xbea locally wep-connected space. Monodromy 

JZ: SCov(X) -> TopFunc(7i T X,Set) 

is an isomorphism of categories. 

The main difficulty in the proof of this theorem is the existence of a semicovering whose monodromy 
is a given Top-functor F: 7i T X — > Set. This is the content of section 5.1. Section 5.2 completes the proof of 



Theorem 7.1 and sections 5.3 and 5.4 offer alternative classifications in terms of open covering morphisms 
and continuous actions of topological groups on discrete sets. Under the usual conditions, this classification 
reduces to the well-known classification of covering spaces. 

Corollary 7.2. If X is path connected, locally path connected, and semilocally 1-connected, then Cov(X) = SCov(X) 
and Covo(X) = SCov (X). 

Proof. For any such X and xo e X, 7i T (X,xo) is discrete |3]. Thus n T X is a discrete groupoid. This gives the 
middle equality in: 

SCov(X) = TopFunc(7i T X, Set) = Func(7iX, Set) = Cov(X). 
Any semicovering of X equivalent to a covering of X must itself be a covering. □ 
It remains to be seen whether or not there are more general conditions giving Cov(X) = SCov(X). 
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7.1 Existence of semicoverings 

Let X be a path connected space and F: nX — » Set be any functor such that each F(x) is non-empty. Let 
Xf = \Jxex^( x ) m d p F : Xf — > X be the surjection given by p F (F(x)) = x. Note that F determines the right 
action of nX on X f given by y • [a] - F([a])(y) e F(a(l)) for a e (PX) X and y e F(x). Let 



e F : \Jf(x)x(PX) x ^X f 



x<eX 



be the function given by &j?(y, a) = y ■ [a] for (y, a) e F(x) x CPX) X . We view each fiber F(x) as a discrete space 
and give X F the quotient topology with respect to & F . Consider the diagram 



II xeX F(x)x(?>X). T 




where ev is the continuous evaluation ev{y,a) = a(l). Since a(l) = jS(l) whenever y 6 F(a(0)) and z 6 F(jS(0)) 
and y • [a] = z • [j3], p F is continuous by the universal property of quotient spaces. Since the topology of X F 
is characterized by the quotient map @ F , we sometimes write a generic element of Xp as &p(y, a) = y ■ [a]. 

Remark 7.3. Given X\,x 2 e X and y,- e F(x,), let < 7Y(y 1/ y 2 ) = {[«] G 7iX(x 1 ,x 2 )|yi • [a] = y 2 }- Of course, if 
yi =■ y — y 2 and x = p(y), *H(y) = *H (y, y) is the stabilizer subgroup of 7 ii(X, x) at y. Note that y - [a] = y ■ [jS] 



if and only if [a * j8 ] e < H{y)- Additionally we note that by Corollary 6.10 if X is (locally) wep-connected, 
then for each y • [a] e X F there is a (locally) well-targeted path (5 e PX(a(Q), a(l)) such that y ■ [a] = y • [/?]. 

Proposition 7.4. If X is wep-connected, then pp: Xp — > X is open. 

Proof. Let W be open in Xp, x\ e pp(W), and pick any (y, a) such that y ■ [a] e W and a(l) = xi. Let xo = a(0) 
so t hat y e F(xp). By Corollary 6.10 there is a well-targeted path jS homotopic to a rel. endpoints. By Remark 



7.3 



it is clear that y • [jS] = y • [a] £ W. Now {y} X 'ZY = O^W) n ({y} X (fX)^) for some open neighborhood 
*Z7 of j8 in CPX) Xo . Since f> is well-targeted, there is an open neighborhood V of Xi in X such that for every 
v e V, there is a path 5 e U such that 6(1) = v. Thus y ■ [5] £ W and p?(y ■ [6]) = 6(1) = c. This gives the 
inclusion V C pp(W). □ 



Proposition 7.5. if F, G: 7T T X — > Set are Top-functors and rj: F 

is a map p Fi c : X F — > Xg such that the triangle 



G is a Top-natural transformation, then there 




commutes. 

Proof. The top horizontal map in the diagram 



LI A . eX F(x) x cpx). v " rexf ' TX ' rf ) Ii. veX G(x) x (PX) X 




^x G 
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given by the components of r\ is continuous since each F(x) is discrete. We claim p Fi c is given by 
Pf,g(©f(i// Oi)) = @G(rja(o)(y)/ ct) to make the triangle commute. To check that p F & is well-defined, it suffices to 
show that G([a])(r, a(0) (y)) = G([p])( mo) (z)) whenever F([a])(y) = F([j8])(z). However, if F([a])(y) = F([jS])(z), 
then a(l) = /3(1) and the naturality of 1] gives that 

G([«])(^ ( o)(y)) = r?«(i)(F([a])(y)) = 7] W (F ([jS])(z)) = G([j3])(^ (0) (z)). 



Since @f is quotient, p F c is continuous. The last statement follows directly from Proposition 3.5 



Canonical lifts of paths 7.6. Without any assumptions on X or F, we find canonical lifts of paths with 
respect to p F . For y e F(x) we construct a canonical section to 

9 V V. (PX F ) y ^(PX) x 

as a composition of continuous functions. Since multiplication p : I X I — > I of real numbers is continuous, 
p # : CPX) X — > Top((7 x I, {0} x I U 7 x {0}), (X, {x})), jS i-* jS o p on the relative mapping space is continuous. 
Additionally, 

r : Top((I X I, {0} X J U I X {0}), (X, {*})) ^ (^XJx)^ , K<£)(s)(f) = $(s, t) 

is a homeomorphism. Note that r(/3 o p)(s)(t) = p(st) and therefore r(/3 o p)(s) = /3[o, s ]- Lastly, the map 
P® F : (PCPX) X ) C -> (PX F ) is obtained by applying V to the restriction of @ F to \y) x (!PX) V . Now let 

L F : (PX) X — » \PX F J^ be the composition f@ F o r o p # which takes /S to the path /3 ;/ (s) = y ■ [/3[o, s ]]- Since 
Pf (y ' [j3[o,s]]) = /S(s), /Sy is a lift of |3 starting at y. Therefore, L F is the desired section. 

Canonical lifts of homotopies 7.7. We take a similar approach to find canonical lifts of homotopies of 
paths by constructing a section of 

Op f : (<PX F ) y ^ (0>X) X . 

for y e F(x). Since multiplication m: I x A2 — > A2, m(s,t,u) = (st,u) is continuous, ffz # : (OX) r — > Top((7 x 
A2, 1 x ei U A2 x (0}), (X, x)), m # ((p)(s, t, u) = (p(st, u) is continuous. Additionally, the map 

r: Top((J x A 2 ,J x e t U A 2 x {0}),(X,x)) -» (<S (PX),)* 

given by r(K)(t, u)(s) = K(s, t, u) is a homeomorphism. Note that (r(<p o m)(x, yfj (s) = <p(sx, y). Additionally, 
O0 F : (<&('PX) X ) C% -> (<5Xf) is obtained by applying O to the restriction of ® F to \y}x(PX) x and 7zL F : (OX)* -> 

(<SX F ) is the composition O0 f or om # . To see that faL F is a section of Op? we check that p F (hL F ((p)(t,u)) = (p(t,u) 
for (t, u) e A 2 . This is straightforward from the equation 

p F (& F (r((p o m)(t, it))) = (r(<£ o m)(f, it)) (1) = (£(lf, it) = cf,(t, u) 

Theorem 7.8. The map p F : X F — » X /ias continuous lifting of paths and homotopies if and only ifp F has unique path 
lifting. 



Proof. According to 7.6 and 7.7 for any y 6 F(x) both 



Vp F : (pX F ) -> (PX) X and Op f : (5>X F ) y -> (OX), 

are topological retractions. Unique path lifting implies that both of these maps are injective and therefore 
homeomorphisms. □ 
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From now on, suppose X is locally wep-connected and F : n T X — > Set is a Top-functor. We require these 
assumptions to obtain a simple basis for the topology of Xp. Since each map 7i T X(xi,x 2 ) — > Set(F(xi),F(x 2 )) 
is continuous so is each adjoint action map F(xi) x 7i T X(xi,x 2 ) —* F(x 2 ), (y, [«]) y • la]. Thus if y, e F(x,), 
the set ( H(yi,y 2 ) is open in 7i T X(xi,x 2 ). Moreover, since h: PX(x\,x 2 ) -» 7i T X(x 1 ,x 2 ), a i-» [a] is continuous, 
the pre-image ft -1 (*H (yi, y 2 )) is open in f>X(x 1; x 2 ). 

A basis for the topo logy of X F 7.9. Let a 6 (PX) To , y e F(x ) and U be an open neighborhood of yo • [a] in 



Xp. By Remark 7.3 we may assume that a is locally well-targeted. Since a* a 1 is a null-homotopic loop, 
h~ x ^H{\jo)) is an open neighborhood of a * a -1 in Q(X,x ). Now find a neighborhood 'Z/ = Pl^i^,, A,) of a 
in CPX) Xo such that 

1. {y } x <U c e- x (li) 

2. a * a" 1 € mr 1 n Q(X,x ) £ h-\<H(y )). 

Since a is locally well-targeted, there is an open neighborhood V of a{\) contained in A„, such that for each 
v e V, there is a well-targeted path b etl from x to v. Let 

B(y ■ [a],tt, V) = & F ({y } x (<W n <{1}, V») . 

Lemma 7.10. T/ie sets B(y ■ [a],^, V) form a basis for the topology ofX F . Moreover, B(y ■ [a], If, V) is mapped 
homeomorphically onto V by pp. 

Proof. Since U is arbitrary and B(y • \a\1A, V) c U, it suffices to show that B(y ■ [a], If, V) is open in X f . 
Since © F is quotient, we check that O^ 1 (B(y ■ [a], If, V)) is open in U. ve xF(x) x CPX) X . If 

(y a ,/J) e e- 1 (B(y • [a],«I/, V)) n ({yi} x (*>X) a ), 

then yi • [j3] = yo • [e] (Recall that this implies jS(l) = e(l)) for e e 'U n ({1}, V). By assumption, there is a 
well-targeted path 6 e 1/ such that 6(1) = e(l). Since 6 * e~ l e It'll- 1 n O(X,x ) £ h~\H(yo)), we have 
yo • [6] = yo • [e] = y\ ■ [j?]- Thus [6 * /T 1 ] e 'Hiyo, yi) and h~ x {{H{y§, yi)) is an open neighborhood of 6 * jS -1 in 
!PX(x ,xi). This observation guarantees that there are open neighborhoods T> = r\" =1 (K' n ,Bj) of |3 in (fX) Xl 
and D = rf k=l <K k p/ D k ) of 6 in (PX). To such that 

l.Dcl/ 

3. B„ UDpCV. 

Since 6 is well-targeted, there is an open neighborhood W of 6(1) = yS(l ) in B„ n D p such that for each w £ W, 
there is a path C, e D from Xo to w. We claim the neighborhood (yi) x(Sfl ({1}, W)) of (yi,/3) is contained in 
©f 1 (B(yo • [a\,U, V)) n ({yi} x (PX) Xl ). IfyeSn ({1}, W), there is a path £ e D from x to This gives 
C * y" 1 e £>S _1 n !PX(x ,xi) c hr l ^H{y , y x )) and therefore y ■ [Q = yi • [yl Since yi • [y] = y ■ [C] for 

C e£>n<{l},W)c<Wn<{l},V>, 

we have yj • [y] e B(y • [a], If, V). 

Since p F is open by |7.4| the restriction B(yo ■ \a\,1A, V) — > V of p F is a homeomorphism if it is bijective. If 
v 6 V, there is a path 5 ell such that 6(1) = i> which gives p F (yo • [6]) = c. Additionally, if 5,e eU n ({1}, V) 
such that p F (y Q ■ [6]) = 6(1) = e(l) = p F (y • [e]), then 6 * e~ l e 'WW -1 D Q(X,x ) c h- l (<H(y )) and thus 
yo ■ [6] = yo ■ [e]. □ 

Remark 7.11. It is worthwhile to note that when V is path connected 

B(y ■ \a\<U, V) = jy • [a * Q\& e (^)« ( i)} . 

Thus if X is locally path connected, the construction of Xf agrees with the widely used construction of 
coverings (and generalized coverings [llj) of locally path connected spaces. 



17 



For each y e F(x), let y ■ (nX) x = {y ■ [a] 6 X F \a e CPX) X }, which, by Lemma 7.10 is open in X F . Since X is 
path connected, (PX) X is path connected and therefore y ■ (nX) x is path connected. 

Proposition 7.12. The path components ofXf are the open sets y ■ (nX) x . 

Proof. If y e y\ ■ (nX) Xl n 1/2 • (nX) X2 , then y\ ■ \a{\ = y = 1/2 • [ocz] where a,(0) = x-, and «i(l) = az(l). We claim 
that yi • (nX) Xl = y 2 • (7iX) %2 . If y t • [jS] 6 y a • (71X)*, where jS(0) = x x , then 

J/i ■ [|S] = yi • 1 *p] = yi- [a 2 ][cty 1 * 0] = y 2 • [«2 * «! 1 * j3] 

giving yi ■ [jS] e y2 ■ (7iX) X2 . The other inclusion follows similarly. □ 

The general idea of the proof of the next proposition is based on that used by Fischer and Zastrow in 
llTTl Prop. 6.7,6.8] to determine when certain maps have unique path lifting. Recall that if F is a Top-functor, 
y e F(x), and a 6 Q(X,x), the coset f~l(y)[a] e f H{y)\ri c l {X,x) is an open neighborhood of [a] in nUX,x) and 
h~ l (fH{y)[a\) is an open neighborhood of a in Q(X,x). 

Theorem 7.13. If X is locally wep-connected and F: n r X — > Setis a Top-functor, then p F : Xp — > X is a semicovering 
map. 

Proof. By Theorem 7.8 and Lemma 7.10 it suffices to show that pf has unique path lifting. Let f,g: I — > Xp 
be paths such that Pf ° f - Pf ° g- We show that either {f e i|/(f) = g(f)} is either empty or L By Proposition 
7.12 we may assume that f and g have image in yo • (7iX) To where yo e F(xq). Using Corollary |6.10| we have 



f(t) = y ■ [a t ] and g(t) = y • [jS f ] for locally well-targeted paths a t ,f} t e (PX) Xo . The condition p F ° f = Pf ° g 
means a t (l) = jS f (l) for each f e J and thus a t * ft' 1 e O(X,x ). Let C t - [«t * j^j" 1 ] so that h~ l (fH{y )t t ) is an 
open neighborhood of at * jSp 1 in Q(X,xo)- Since at * aj 1 and fit * fc l are null-homotopic, it is possible to find 
an open neighborhood M t = n^CK^/Ap of a t and £, = n^i^/ 5 ') of I s * in C PX )^o such that 

((j?!^^) u fa®; 1 )) n Q(X,x ) £ h^CHiyo)) and J^S" 1 n Q(X,x ) c h-\<H(y )e t ) 

Since a f , |S f are locally well-targeted, there is an open neighborhood lit c Al of at(l) (resp. V f c BL of |3f(l)) 
such that for each u e Ut (resp. v e V t ), there is a well-targeted path 5 e J?If with 6(1) = u (resp. y e St with 
y(l) = v). According to Lemma |7.10} for each t e I, 

B(y ■ [a t ], Ji t , U t ) and B(y -[fit], S t , V t ) 

are open neighborhoods of yo • [a t ] and yo • [fit] in yo • (tiX). Yo respectively. Suppose there are r,s e I such 
that yo • [a r ] + yo • [B r ] and yo • [a s ] = yo • [j3 s ]. Without loss of generality, we assume r < s. Let z be the 
greatest lower bound of A = [t e [r,s]|y • [a t ] = yo • [fit]) = {t e [r,s]|[a f * /3" 1 ] e *H(yo)}- Since / and g are 
continuous, there is an e > such that y • [a f ] 6 B(y • [a z ],Jl z , U z ) and y • [/3 f ] e B(y • [/3 Z ],S Z , V z ) for all 
f e (z — e,z + e) n [0,1]. We consider two cases: 

(1) If z e A (equivalently [a z * jSj 1 ] e < H(y )), then r < z < s and < K(y )4 = < H(yo)- Pick any f e 
(r,z) n (z — e,z). We have 

y • [a f0 ] e B(y • [a 2 ],^I z , !J 2 ) and y • [f3 k ] e B(y ■ [|S Z ],S Z , V z ) 

and therefore y ■ [a to ] = y • [Q for C, e J?I Z and y • [jS fo ] = y • [tj] for 7] e S z . Since C(l) = a k (l) = /3 fo (l) = r|(l), 
we have 

C^t]" 1 e ^S" 1 n Q(X,x ) c h-\<H{yo)Q = h-\<H(y )) 
and y • [a to ] = yo • [Q = yo • [t|] = yo • [jSfJ. But f < z and f e A contradicting that z is a lower bound for A. 

(2) If z £ A (equivalently [a z * jSj 1 ] g 'K(yo)), then r < z < s and < H(y )4 n 'K(yo) = 0. Pick any 
t e (z,s) n (z,z + e) so that, again, y ■ [a f J = y • [Q for C 6 & z and y • [jS to ] = y • [r|] for r| e S z . If 
yo " t a f ] = 3/o ' [jSfoL then [C, * r| _1 ] 6 r H(y ). But this cannot occur since 

C * n" 1 e ^S" 1 n Q(X,x ) c h~\'H{y Q ){ z ) 

and *K(yo)4 n e H(yo) = 0. Thus y • [«f] # yo ■ [jSf] for each t e [z, s) n [z, z + e). That any y 6 (z, s) D (z, z + e) is 
a lower bound for A which is greater than z is a contradiction. □ 



18 



7.2 Proof of Theorem 17/D 



To complete the proof of Theorem [7. 1} we define the inverse of monodromy j# : SCov(X) — > TopFunc(7i T X, Set) 
(for locally wep-connected X) as the functor : TopFunc(7i T X, Set) — » SCov(X) given by ,y(F) = pp on ob- 
jects and S^{y\ : F — » G) = Pf,g (as in Proposition 7.5 1 on morphisms. Note that in the case that F(x) = for each 
X,S"(F) is the empty semicovering -> X. It is clear that ^(,Y(F)) = Jtfa) = F and ^(S*(q)) = J?(p F ,c) = '7 
for a Top-natural transformation rj: F — > G since p^c is given by Pf,g(}/) - fyc(y) ror 3/ e f (*) = Vp l ( x )- Thus 
.// - / - /i/. 

Suppose p: Y — > X is a semicovering of X and K = Jip. We have X K = Uxex^( x ) = U.vexP _1 ( x ) = Y 
as sets and thus S"(K) = pjc = p as functions. To see that the topologies of Y and Xp agree consider the 
following diagram: 



II v f»i 



-^x R 



-> Y 



The left vertical map takes (y, a) e p _1 (x) x (!PX) X to the lift a y e C^Oy and is a homeomorphism since p has 
continuous lifti ng of pat hs. T he bottom horizontal map is evaluation at 1 on each summand and is quotient 
by Propositions 



6.12 



and 



6.2 



Since &k is quotient by definition, id : Xk — > Y is continuous and open. One 
could equally have chosen to apply Lemma 2.5 to draw this conclusion. 

Finally, suppose p' : Y' — » X is another semicovering of X and /: Y — > Y' is a map such that p' of = p. Let 
K = ,/^p, K' = ^#p, and r] = X — » K' so that r\ x : p~ l {x) — » (p') _1 (x) is the restriction of /. The covering 
morphism y(rf) = Pk,k> '■ Y -» Y' is given by piyc'(y) = ^(y) ~ /(]/)• Thus ,5f o Jl = Id. 



7.3 Open covering morphisms 

It is well-known that the category of covering morphisms CovMor(^) of a connected groupoid Q (connected 
in the categorical sense that Q{x\,x 2 ) + for all X\,x 2 e Ob(@)) is naturally equivalent to Func(£?, Set) which 
is often referred to as the category of representations of Q | 15 Prop. 30] . In particular, a covering morphism 
F :<H ^ Q corresponds to the functor MF: Q -> Set given by MF{x) = Ob{F)~ l {x) for x e Ob{Q) and for 
g £ Q{xi,x 2 ), MF{g) is the function Ob{F)~ l {x l ) -> Ob{F)- 1 {x 2 ), y i-> Mgy) where t^-.H -> ObifH) is the 
target map of H . 

For a connected (in the categorical sense) Top-groupoid Q, let OCovMor(^) be the category of open 
covering morphisms of Q, that is, open Top-functors < H — » Q whose underlying functors are covering 
morphisms. In this enriched setting the equivalence CovMor(^) Func(^, Set) restricts to an equivalence 

St\ OCovMor(^) -> TopFunc(£,Set). 

This is straightforward given the observation that a subbasis set for the topology of 

Set(Ofc(F)- 1 (x 1 ),OKF)- 1 (x 2 )) 
is of the form ({yj}, \y 2 )) and MF : Q{x\,x 2 ) — > Set(Ofc(F)~ 1 (x 1 ), Ob(F)~ 1 (x 2 )) is continuous precisely when 

^F" 1 «{yi},{y 2 }» = [g 6 ^(x 1 ,x 2 )|^(f !/1 ) = y 2 } = Im(F: <H(yi,y 2 ) -» 0(xi,x 2 )) 
is open in Q{x\,x 2 ). 



By Theorem 5.2 for any space X, there is a functor rc^ : SCov(X) — » OCovMor(7i T X), p i-» 7i T p. Notice 
that o n] = ,m is given by monodromy. Thus for locally-wep connected X, we obtain an alternative 
classification of semicoverings in terms of open coverings morphisms. 

Theorem 7.14. For a locally wep-connected space X, n] : SCov(X) — > OCovMor(7i T X) is a natural equivalence of 
categories. 
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Corollary 7.15. IfX is locally wep-connected and F: 'H — > nX is a covering morphism such that each connected 
component ofH contains an object y such that F(fH{y)) is an open subgroup of 7iI(X,F(y)), then the topology ofX 
lifts to a topology on ObifH) such that Ob(F) is a semicovering map and *K = n^ObifH) as Top-groupoids when 
*H (yi, 1/2) is viewed as a subspace ofn T (F(yi),F(y 2 )). 



7.4 Semicoverings and G-sets 

Let G be a topological group and F be a set with the discrete topology. A right action of G on F is a continuous 
group action F x G — > F. For each x e F, the restriction G — > xG = {xg e F\g e G} of the action induces a 
continuous bijection from the quotient right coset space H\G (where H is the stabilizer at x) to xG. Thus 
continuity of the action of G on discrete F is equivalent to all stabilizer subgroups being open in G. A right 
G-set is a discrete set F with a right action of G. This agrees with the usual notion of right G-set when G is 
discrete. The category of right G-sets and G-maps ip: F\ — » F2 is denoted GSet. Note that GSet is naturally 
equivalent to TopFunc(G, Set) when G is viewed as a Top-groupoid with a single object. 

A right G-set F is transitive if F = xG for some x e F. In this case, F may be identified in GSet with the 
discrete right coset space H\G = {Hg\g e G} where again H is the stabilizer at x. Define the orbit category 
of the topological group G to be the full subcategory 0q of GSet generated by transitive right G-sets. Note 
that 0q is equivalent to the full subcategory of GSet generated by G-sets H\G where H is an open subgroup 
of G. The well-known theory for discrete groups extends to the non-discrete case giving that the objects of 
@G correspond to open subgroups of G and isomorphism classes correspond to conjugacy classes of open 
subgroups of G. 

Theorem 7.16. Let Xbea locally wep-connected space and x e X. 

1. There is an equivalence SCov(X) — » 7Zj(X,x )Set of categories taking a semicovering p: Y — » X to the fiber 
p _1 (xo) with action p _1 (x ) x ti\{X,xq) — > p~ 1 (x ), (y, [a]) i-» y ■ [a] is an equivalence of categories. 

2. The equivalence in 1. restricts to an equivalence of categories SCov (X) ~ &n\(x,x y 

Proof. 1. The inclusion tz^(X,Xq) — » n T X is a Top-equivalence since X is path connected and translations in 



7ijX are continuous. By Theorem 7.1 Monodromy gives the first isomorphism in 



SCov(X) = TopFunc(7i T X,Set) - TopFunc(7i^(X,x ),Set) - 7ij(X,x )Set. 

2. The equivalence from 1. restricts to an equivalence SCov (X) & n \(x,x a ) due to the fact that given 
a semicovering p: Y — > X, Y is path connected if and only if the action p _1 (xo) x Kj(X,xo) ~^ P -1 (*o) is 
transitive. □ 

Corollary 7.17. Let Xbe a locally wep-connected space and x e X. There is a Galois correspondence between the 
equivalence classes of connected semicoverings ofX and conjugacy classes of open subgroups ofnUX,Xo). 

Corollary 7.18. IfX is locally wep-connected and xo 6 X, then X has a universal semicovering if and only if there is 
an open subgroup S in tcI(X,xo) such that for any other open subgroup H ofn*(X,Xo), there is a g e n^(X,xo) such 
that gSg' 1 c H. 
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